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ABSTRACT
I discuss a few interpolating sum rules for spin structure functions of the nucleon. Using
the concept of duality, I argue that the G1 sum rule, including the elastic contribution, is
useful for learning higher twist matrix elements of the nucleon.
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Recently, there has been some interest in measuring the nucleon’s spin-dependent struc-
ture functions at moderate and low virtual-photon mass, Q2, with electron scattering.1 This
is motivated by the observation that the first moment of the proton’s spin structure function
G1(x,Q
2) has been measured by EMC at an averaged Q2 = 10 GeV2 and is positive,2 however,
the moment seems to become negative at the real photon point according to the celebrated
Drell-Hearn-Gerasimov sum rule.3,4 Thus, an interesting question that arises immediately is
how the moment changes with Q2 and what physics causes such a change.
Unfortunately, there are some controversies in the literature about defining a G1 sum
rule for all Q2 and physical significance of its Q2 variation. Moreover, for longitudinally-
polarized virtual-photon scattering, the nucleon’s other spin-dependent structure function,
G2, also contributes at low and moderate Q
2. The purpose of this paper is to clarify some of
these issues.
To start, let me quote the standard definition of the nucleon’s spin-dependent structure
functions. In inclusive electron or photon scattering, one measures the nucleon tensor,
Wµν =
∫
d4ξeiξ·q〈PS|Jµ(ξ)Jν(0)|PS〉, (1)
where Jµ is the electromagnetic current of the nucleon, |PS〉 is the nucleon state with momen-
tum P and polarization S, and q is the virtual-photon four momentum. The spin-dependent
part of the tensor is antisymmetric in µ and ν and can be characterized by the following two
spin structure functions (ǫ0123 = 1),
Wµν = −iǫµνρσq
ρ
[ 1
M2
G1S
σ +
1
M4
G2(S
σν − P σ(S · q))
]
, (2)
where ν = P · q. In the Bjorken limit, one can define the corresponding scaling functions,
g1(x,Q
2) =
ν
M2
G1(ν,Q
2),
g2(x,Q
2) =
( ν
M2
)2
G2(ν,Q
2).
(3)
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Let me first consider the structure function G1. Following ref. 4, I define a Q
2-dependent
integral,
I1(Q
2) =
∫
∞
Q2/2
dν
ν
G1(ν,Q
2),
=
2M2
Q2
∫ 1
0
g1(x,Q
2)dx,
(4)
where the lower limit in the integration includes the elastic contribution. The EMC date
shows,2 ∫ 1
0
dxg1(x)|Q¯2=10GeV2 = 0.126± 0.010± 0.015, (5)
for the proton. On the other hand, I will show below that
I1(Q
2) =
M2
Q2
F1(Q
2)(F1(Q
2) + F2(Q
2))−
κ2
4
, (6)
as Q2 → 0. Here F1 and F2 are the Dirac and Pauli form factors of the nucleon, and
κ = F2(0) is the anomalous magnetic moment. The first term in eq. (6) comes from the
elastic scattering and the second term represents the inelastic contributions summed by the
Drell-Hearn-Gerasimov sum rule.
The elastic contribution to G1 is well-known theoretically and has been measured ex-
perimentally at one Q2.5 Its presence in I1(Q
2) at low Q2 can be seen in the following way.
Consider the G1 dispersion integral,
S1(ν,Q
2) = 4
∫
∞
Q2/2
ν′dν′
ν′2 − ν2
G1(ν
′, Q2), (7)
where S1(ν,Q
2) is the corresponding spin-dependent forward Compton amplitude. A simple
calculation of the nucleon pole diagram yields, in the soft photon limit,
S1(ν,Q
2) = −2(F1 + F2)F1M
2
[ 1
2ν −Q2
−
1
2ν +Q2
]
− F 22 . (8)
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Two different soft photon limits can be taken in eq. (7) to obtain G1 sum rules. If one
takes Q2 → 0 first, S1(ν, 0) = −κ
2 at small ν and the elastic contribution to the G1 integral
vanishes, then eq. (7) is just the Drell-Hearn-Gerasimov sum rule. On the other hand, if one
takes ν → 0 first, S1(0, Q
2) = 4I1(Q
2), where I1 is given by eq. (6), the elastic contribution
remains in the G1 integral in eq. (7). Obviously, these two limiting processes do not produce
any conflicting results. However, to obtain the sum rule (4) at low Q2, one should take the
second limit.
One might insist that the elastic contribution vanishes rapidly at high Q2 and thus it
is equally interesting to consider the elastic-subtracted sum rule I¯1(Q
2) to interpolate the
Drell-Hearn-Gerasimov sum rule and the EMC result.4 However, I argue below that I1(Q
2)
has richer physical content and is more useful in practice. To demonstrate this, imagine the
nucleon is a structureless spin-half particle, then at all Q2,
I1(Q
2) =
M2
Q2
. (9)
This result can be explained in terms of either pure elastic scattering or deep-inelastic scat-
tering on a simple structure. Both languages dual each other in the entire range of Q2. For
the nucleon with a non-trivial structure, I1(Q
2) deviates from eq. (9) at high and low Q2
for different physics reasons. At high Q2 where the deep-inelastic structure is of relevant, the
nucleon is a superposition of free point-like quarks and the coefficient in eq. (9) is modified
by the quark helicity distribution probability, 2
∫
g1(x). At low Q
2, I1(Q
2) still has a 1/Q2
behavior since to a small mass virtual-photon, the nucleon is a point-like particle. However,
its coupling with the photon is modified by its anomalous magnetic moment. Then, an inter-
esting question is how to understand the Q2 evolution of I(Q2)Q2/M2 from 1 + κ at Q2 = 0
to 2
∫
g1(x) at high Q
2?
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As Q2 changes from high to low, the interactions between quarks in the nucleon become
important, and I(Q2) acquires higher order terms in 1/Q2 expansion, which are the higher
twist effects. On the other hand, when Q2 increases from 0, the nucleon resonance contribution
to I(Q2) starts to dominate. It may happen, however, that there exists a region of Q2,
presumably around 1 GeV2, where I(Q2) can be explained in both the deep-inelastic and
resonance physics languages. This duality phenomena was first observed in the unpolarized
deep-inelastic scattering.6 One useful consequence of duality is that it allows to extract matrix
elements of higher-twist operators from data in the resonance-dominated region.
The size of the duality region is difficult to access. If in the region the elastic contribution
is not important, then it is a matter of free choice to use either I1(Q
2) or I¯1(Q
2) to extract
higher twists. However, if the region extends to small Q2 where the elastic contribution is
dominant, the dual of deep-inelastic physics clearly contains the elastic contribution, as seen
in a simple example in eq. (9). Therefore, to learn about the higher twist effects at small Q2,
the elastic contribution must be included in the G1 sum rule. This in fact is well-known in the
case of unpolarized scattering.7 According to this observation, the method used in refs. 4 and
8 of extracting higher twists is unreliable. Recently, Unrau and I have studied the twist-four
contribution and target mass corrections to I1(Q
2) in QCD and the bag model,9 extending
and improving the previous studies on this problem.10
For the neutron, the elastic contribution of the order of 1/Q2 to I1(Q
2) vanishes at
Q2 = 0. A constant term is generated from its anomalous magnetic moment and charge radius,
κ(κ/4 −M2 < r2 >cm /6). Due to a remarkable numerical coincidence, this combination is
essentially zero.
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No data exist so far on the other spin-dependent structure function G2. Its role in
deep-inelastic scattering has been discussed extensively in the literature.11 Sometime ago,
Burkhardt and Cottingham proposed a sum rule for G2,
11
∫
∞
Q2/2
dνG2(ν,Q
2) = 0. (10)
This sum rule was derived from the so-called super-convergence condition and is also a state-
ment about rotational invariance.13 Validity of the sum rule has also been discussed in various
places.12,14,15 In the following discussion, I assume the sum rule is correct. The elastic con-
tribution to G2 is simple to calculate,
Gel2 = −
M2
2
F2(F1 + F2)δ(2ν −Q
2). (11)
Thus, eq. (10) can be written in another form,
∫
∞
νin
dνG2(ν,Q
2) =
M2
4
F2(F1 + F2) (12)
where νin is the inelastic threshold.
In a recent paper, Soffer and Teryaev16 have proposed that strong Q2 dependence of
I¯1(Q
2) can be understood from the contamination of G2 in longitudinally-polarized photon
scattering. Below, I re-examine this suggestion.
Since G1 and G2 are invariant structure functions, they both contribute to the helicity
amplitudes of longitudinally and transversely polarized virtual-photon scattering. For the
longitudinally-polarized scattering,
σ 1
2
− σ 3
2
∼ G1 −
Q2
ν
G2(ν,Q
2), (13)
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Thus it is natural to introduce an interpolating sum rule,
K1(Q
2) =
∫
∞
Q2/2
dν
ν
[
G1(ν,Q
2)−
Q2
ν
G2
]
,
=
2M2
Q2
∫ 1
0
[
g1(x,Q
2)−
4M2x2
Q2
g2(x,Q
2)
]
dx.
(14)
Clearly, at high Q2, we have,
K1(Q
2)→ I1(Q
2). (15)
However, at low-Q2, the elastic part of G2 also contributes,
K1(Q
2) =
M2
Q2
(F1 + F2)
2 −
κ2
4
. (16)
Validity of the above result can be understood from the fact that (F1 + F2)
2 represents the
amplitude of two helicity flips in Compton scattering. It can be shown, however, that the
inelastic contribution to G2 enters K1(Q
2) only at the order of Q2. Thus if one is interested
in the subtracted version of the sum rule, we have
A¯1(Q
2) ∼ I¯1(Q
2), (17)
at both high and low Q2 limits, where the bar quantities have the elastic contribution sub-
tracted.
For scattering with transversely polarized nucleon targets, the asymmetry is related to
the interference between the transversely and longitudinally polarized photons. I define for
this case an interpolating sum rule,
K2(Q
2) =
∫
∞
Q2/2
dν
ν
[G1(ν,Q
2) + νG2(νQ
2)]
=
2M2
Q2
∫ 1
0
[g1(x,Q
2) + g2(x,Q
2)]dx.
(18)
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Clearly, because of the Burkhardt-Cottingham sum rule,
K2(Q
2) = I1(Q
2), (19)
at all Q2. On the other hand, if subtracting off the elastic contribution, I have at low Q2,
K¯2(0) = κ/4 (20)
where the contribution of the inelastic part of G2 has been included from eq. (12). At high
Q2, we still have,
K¯2(Q
2)→ I1(Q
2). (21)
Eq. (20) was obtained by Soffer and Teryeav and was proposed as a solution to the rapid
Q2 variation of I¯(Q2). It must be emphasized, however, that this combination of G1 and
G2 appears only in the transverse and longitudinal interference of virtual-photon scattering.
Besides, the slow Q2 variation of K¯2(Q
2) covers up the rapid variation of I¯1(Q
2) due to the
nucleon resonances at low energy.
Thus, it appears that one can define a number of interpolating sum rules, I1(Q
2) and
K1,2(Q
2) with and without the elastic contribution, to interpolate the EMC data and the real
photon point. However, the most interesting sum rule is I1(Q
2) with the elastic contribution
included, for which there may exists a region of Q2 where both resonance physics and deep-
inelastic physics are correct. If so, we can extract interesting higher twist matrix elements
from the sum rule.
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